Abstract-Soliton equations are infinite-dimensional integrable systems described by nonlinear evolution equations. As one of the soliton equations, long wave equation takes on profound significance of theory and reality. By using the method of nonlinearization, the relation between long wave equation and second-order eigenvalue problem is generated. Based on the nonlinearized Lax pairs, Euler-Lagrange function and Legendre transformations, a reasonable Jacobi-Ostrogradsky coordinate system is obtained. Moreover, by means of the Bargmann constrained condition between the potential function and the eigenfunction, the Lax pairs is equivalent to matrix spectral problem. Furthermore, the involutive representations of the solutions for long wave equation are generated.
I. INTRODUCTION
In 1895, Korteweg and de Vries [1] [2] derived a nonlinear evolution equation as follows: is obtained. It aroused an increasing interest among scientific researchers in the field of mathematics and physics, so more and more scientists have been interested in searching various methods to obtain solutions of some partial differential equation. Many effective methods have been proposed, for example, Hirota method, the inverse scattering, Darboux transformation, Painlevé expansion, Bäcklund transformation, algebraic method and so on [1] [2] [3] [4] [5] [6] [7] . Using the inverse scattering method, we could obtain the N-soliton solution of KdV equation (see Fig. 1 and Fig. 2 ).
In our paper, by nonlinearization [8] [9] [10] [11] [12] [13] [14] [15] of spectral problems, we considered the spectral The paper is structured as follows. In Sect.2, the adjoint Lax pairs of the spectral problem is generalized. In Sect.3, based on the Euler-Lagrange equations and Legendre transformations, a suitable Jacobi-Ostrogradsky coordinate is been found. Section 4 and Sect.5 are devoted to establishing the Liouville integrability of the resulting Hamiltonian systems from the 2nd-order spectral problems.
Figure2. Two-soliton solution of the KdV equation
II. LAX PAIRS AND EVOLUTION EQUATIONS
Let us take the 2nd-order problem
potential functions, λ is a complex eigenparameter,
Suppose Ω is the basic interval of (1), for the sake of simplicity, we assume that if the potentials , , q p ϕ and all their derivatives with respect to x tend to zero, then ( , ) Ω = −∞ +∞ ; If they are all periodic T functions, 
Using definition 2.2, we get
In order to derive the evolution equation related to the spectral problem (1), we consider the stationary zero curvature equation [ , ] x x L L L λω ω λω ω ω 
therefore, we obtain the recursive relation
where
Now, we consider the auxiliary spectral problem 0,1, 2, 
For example, when 1 m = and 2 m = , we can get the first and the second nonlinear systems, the results are shown in TableⅡ. When 1 m = , it is the long-wave equation. When 2 m = and 0 q ≡ , it is exactly the famous KdV equations.
In order to give the constraints between the potentials and the eigenfunctions, it is necessary to calculate the functional gradient with respect to the potential functions. Proposition 2.3: [11] i) If λ is an eigenvalue of (1), then λ is real. 
If ϕ is an eigenfunction of (1) and ψ is an eigenfunction of (2), then ϕ and ψ can be taken real functions.
iii) If ϕ is an eigenfunction corresponding to the eigenvalue λ of (1) and ψ is an eigenfunction corresponding to the eigenvalue λ of (2), then
In fact, from (1) and (2), we have
If ϕ is a complex eigenfunction of (1) 
by (6) and (7), (13) holds.
III. BARGMANN SYSTEMS AND THE HAMILTON CANONICAL FORMS
We suppose 1 2 N λ λ λ < < < K are the eigenvalues of the eigenvalue problem (1) and (2), ,
Now, we consider the Bargmann constraint [16] [17] [18] ,
so the eigenvalue problem (1) and (2) are equivalent to the systems ( ,
,
and (16) are called the Bargmann systems for the eigenvalue problem (1) and (2) .
where the Lagrange function I is defined as follows: (18), the Jacobi-Ostrogradsky coordinates can be found, and the Bargmann systems (16) can be written in the Hamilton canonical equation systems [21] . Let 1  1  2  2  1  1  2  2  1  1  ,  ,  2  2  1  1  ,  2  2  1  1  ,  ,  2  2  1  1  ,  2 2
So, if we take the Jacobi-Ostrogradsky coordinates as follows: 
The Lax pairs (11) for the ( 1) m + -order evolution equation (12) By (14) and (20), we have the Bargmann constraint 1 2
Substituting the Bargmann constraint (22) and (23) into (21), the Lax pairs (24) for the ( 1) m + -order evolution equation (12) is equivalent to the following forms: ,
where 11 21 22 Proof: 
